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Abstract

Abstract

In this paper, we introduce the new concept of cyclic G-contraction
mapping and also we prove existence and convergence of best
proximity point theorems in G-metric spaces.
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Introduction

@ Fixed point Theory plays vital role in Mathematical analysis.
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Introduction

@ Fixed point Theory plays vital role in Mathematical analysis.

@ Best approximations and best proximity points are considered as
an extension of fixed point theory.

@ In 1922, Stefan Banach has come up with beautiful theorem
known as banach contraction theorem.

@ This theorem laid foundation for all fixed point theorems. Eldred
and Veeramani proved existence and convergence of best
proximity points in 2006.

@ Then, many authors presented best proximity point results for
different types of mappings.

@ In this section, we provide some basic definitions.
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Introduction

Define

dist(A,B) = inf{d(a,b):ac A be B}
Ao {a€ A:d(a, b) = dist(A, B) for some b < B}
By = {be€ B:d(a,b)=dist(A,B) for some ac A}
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Preliminaries

G-metric space

Let X be a non-empty set, and let G : X x X x X — R* be a
function to satisfy the following axioms:
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Preliminaries

G-metric space

Let X be a non-empty set, and let G : X x X x X — R* be a
function to satisfy the following axioms:

1) G(x,y,z) =0, iff x=y =z,

2) 0 < G(x,x,y) for all x,y € X with x # y,

3) G(x,x,y) < G(x,y,z), forall x,y,z € X with z # y,

4) G(x,y,z) = G(x,z,y) = G(y,z,x) = -+ (symmetry in all three
variables),

5) G(x,y,z) < G(x,a,a)+ G(a,y, z), for all x,y,z,a € X (rectangle
inequality)

Then the function G is called a generalized metric, or, more
specifically, a G— metric on X, and the pair (X, G) is called a G—
metric space.
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Preliminaries

Definition

Let (X, G) and (X', G’) be G—metric spaces and let
f:(X,G)— (X', G') be function, then f is said to be

G —continuous at a point a € X; if given € > 0, there exists § > 0
such that x,y € X; G(a,x,y) < ¢ implies that

G’(f(a), f(x), f(y)) < e

A function f is G—continuous on X if and only if it is G—continuous
at all a € X.

v
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Preliminaries

Proposition

Let (X, G) and (X', G’) be G—metric spaces, then a function
f: X — X' is G—continuous at a point x € X if and only if it is
G —sequentially continuous at x, that is, whenever {x,} is
G—convergent to x, {f(x,)} is G—convergent to f(x).
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Preliminaries

Definition
Let (X, G) be a G—metric space, let {x,} be a sequence of points of
X; therefore, it is said that {x,} is G—convergent to x if
lim G(x, Xp, Xm) = 0;
n,n—o00
that is, for any € > 0, there exists N € N such that G(x, x,, x,) < €

for all n,m > N. One call x, the limit of the sequence and write
X, — x or limx, = x.
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Preliminaries

Proposition

Let (X, G) be a G—metric space. Then the following are equivalent:
Q {x,} is G—convergent to x
Q@ G(xp,x,x) > 0,as n— o0
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Preliminaries

Proposition
Let (X, G) be a G—metric space. Then the following are equivalent:
Q@ {x,} is G—convergent to x
@ G(xp,x,x) = 0,as n— o0
Q@ G(xp,Xn,x) = 0,as n — o0
Q G(Xm, X, x) = 0,25 N — 00
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Preliminaries

Definition
Let (X, G) be a G—metric space. A sequence {x,} is called a

G —Cauchy if, for each € > 0 there exists N € N such that

G (Xm, Xn, X1) < €, for all n,m, [ > N; that is, G(xm, xn, %) — 0 as
n,m,| — oo.
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Preliminaries

Proposition
Let (X, G) be a G—metric space. Then the following are equivalent;
@ The sequence {x,} is G—Cauchy

@ For every € > 0, there exists N € N such that G(x, x,, xn) < €
forall n,m>N
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Preliminaries

Definition
A G—metric space (X, G) is G—complete if every G-Cauchy
sequence in (X, G) is G—convergent.
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Preliminaries

Example

Let (R, d) be the usual metric space. Define G, by

Ga(x,y,z) =d(x,y)+d(y,z) +d(x,z) forall x,y,z € R. Then it is
clear that (R, G,) is a G—metric space.

V. Vairaperumal (SJC - Trichy)

Existence and convergence of best proximity f 7 March, 2017 17 / 27



Preliminaries

Best proximity point in G-metric spaces

Let (X, G) be a G-metric space and let A, B, and C be non-empty
subsets of X. A mapping T: AUBU C — AU B U C is such that
T(A)C B, T(B)C C,and T(C) C A. We call an element

x € AUBU C a best proximity point (with respect to T) if

G(x, Tx, T?x) = G(A, B, C) is satisfied, where
G(A,B,C)=inf{G(x,y,z) : x € Ay € B, and z € C}.
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Main Results

Main Results

Definition

Let (X, G) be a complete G-metric space. Let A, B and C be the
nonempty closed subsets of X. A mapping

T:AUBUC — AUBU C is said to be cyclic G-contraction if
T(A)C B, T(B)CCand T(C)C A

G(Tx, Ty, Tz) < a1G(x,y,z) + a2G(x, Tx, Ty)
+ 33G(y7 Ty> TZ)
+ (1 — (31 + dr + 33))G(A, B, C)

where a; > 0,i =1,2,3and a; +ax+a3 <1, forall x,ec A,y e B
and z € C.
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Main Results

Theorem

Let (X, G) be a complete G-metric space. Let A, B and C be three
non-empty closed subsets of X. Let T: AUBUC - AUBUC
cyclic G-contraction. Then there exists sequence {x,} in X such that
lim G(Xp, Xn11, Xn12) = G(A, B, C).

n—oo
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Main Results

Theorem

Let (X, G) be a G-metric space. Let T be G-contraction mapping.
Let xo € A be any element and the sequence {x,} be defined as

Tx, = x,_1 for all n > 0. Then lim G(x,, Xp11, Xn12) = G(A, B, C).

n—oo
If {x,} has a convergent subsequence and T is continuous on A, then

subsequence converges to a best proximity point.
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